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Research Questions

® How can we design more powerful machine learning models to take the advantage of
rich structure of graphs for better prediction?

> ML

® Graph representation learning

® Graph similarity learning

plack

pOX

Predictions: Node Labels,

Graph labels, New Links,
New Graphs
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Key Challenges

® How to improve the representation power of machine learning models?

® How to effectively design a model to preserve intrinsic properties of graphs during
the learning?

® How to ensure theoretical properties to guarantee the convergence and numerical
stability for machine learning techniques on graphs?
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Thesis Contributions

* Part 1: Graph Representation Learning

® Spatial GNNs - A. Wijesinghe and Q. Wang. A New Perspective on "How Graph
Neural Networks Go Beyond Weisfeiler-Lehman?”. (ICLR 2022)

® Spectral GNNs - A. Wijesinghe and Q. Wang. DFNets: Spectral CNNs for Graphs
with Feedback-Looped Filters. (NeurlPS 2019)

® Diffusion GNNs - A. Wijesinghe and Q. Wang. Dynamic PageRank for Graph Neural
Networks. (Under Review)

* Part 2: Graph Similarity Learning

® Optimal Transport Graph Kernel - A. Wijesinghe, Q. Wang and S. Gould. A
Regularized Wasserstein Framework for Graph Kernels. (ICDM 2021)
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Graph Representation Learning

Graph Neural Networks:

How to represent nodes/graphs in a vector space?

f = o T
Node Graph
representations representation
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Graph Representation Learning

Mis

Spectral GNNs Diffusion GNNs

Spatial GNNs
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Graph Representation Learning

Spatial GNNs * Spectral GNNs Diffusion GNNs

LA, Wijesinghe and Q. Wang. A New Perspective on "How Graph Neural Networks Go Beyond

Weisfeiler-Lehman?”. (ICLR 2022)
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Research Question

® How to design expressive yet simple GNNs that can go beyond the WL test with a
theoretically provable guarantee?

G G2
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Current State

e Known results:

k-WL

° > 1-WL
e.g., k-dimensional GNN (k-GNN)
[Morris et al. 2019]

e =1-WL
e.g., Graph Isomorphism Network (GIN)
[Xu et al. 2019]

° < 1-WL

e.g., Graph Convolutional Network (GCN)
[Kipf and Welling 2017]
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Contributions

A new hierarchy of local isomorphism

1

2 GraphSNN - A GNN model beyond 1-WL

3 A generalised message passing GNN
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A New Hierarchy of Local Isomorphism

Neighborhood
Subgraph

Overlap
Subgraphs

Neighborhood
Subtree

Subgraph
Isomorphism

Overlap
Isomorphism

Subtree
Isomorphism

If S = subgraph Sjr then S; Zoverlap Sj, but
not vice versa.

Theorem

If S Zoverlap Sjr then S; ~suptree Sj, but not
vice versa.
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GraphSNN - A GNN Model Beyond 1-WL

® For each vertex v, the neighborhood subgraph S, is the subgraph induced by
N(v)u{v}.

\' V2 V3

A4} a Va

V2 V3

Graph Neighborhood
subgraph

Overlap subgraphs (our work)

® For two adjacent vertices v and u, the overlap subgraph is 5,, = 5, N S,,.
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GraphSNN - A GNN Model Beyond 1-WL

@ (b)
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e An instance: vl
vu
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" ‘\/VU|' ‘\/Vu - 1’|

Vo, A>0
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GraphSNN - A GNN Model Beyond 1-WL

® A single layer:

pO =Mee(yO( 3 A+ 1AV + S (A1) Al
ueN(v) ueN(v)

e Multiple layers (same as GIN)?:

he = Concar(Reapour({{AV|v e VIt =1,...,k)

GraphSNN s strictly more expressive than 1-WL.

code: https://github.com/wokas36/GraphSNN
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GraphSNN - A GNN Model Beyond 1-WL
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A Generalised Message Passing GNN

® A layer of a Message-Passing GNN is defined as:

1. Aggregate “messages”’ from neighbors N (v)
6 _ (f)

[SEEN mg AGGREGATE ({{ vua |U € N }})

< m¥) = AccreEGATE' ({{Avu|u € N(v)}}) A
2. Combine with its own “message” h\(,t)

‘(/f+1) _ (1) ot

- 2K

oy plHD — COMBINE(m(Vt), mit ))
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Numerical Experiments

e Classification on Open Graph Benchmark (OGB) datasets, including four molecular
graph datasets and one protein-protein association network.

Method ogbg-molhiv  ogbg-moltox21 ogbg-moltoxcast ogbg-ppa ogbg-molpcba
GIN 75.58+1.40 74.914+0.51 63.41+0.74 68.92+1.00 22.66+0.28
GIN+VN 75.20+1.30 76.21+0.82 66.18+0.68 70.37+1.07 27.03+£0.23
GSN 77.99+1.00 - - - -

PNA 79.05+1.30 - - - 28.38+0.35
ID-GNN 78.30+£2.00 - - - -

Deep LRP 77.19+1.40 - - - -
GraphSNN 78.51+1.70 75.45+1.10 65.40+0.71 70.66+1.65 24.96+1.50

GraphSNN+VN  79.72+1.83  76.78+1.27 67.68+0.92 72.02+1.48 28.50+1.68

Table: Classification accuracy on large graph classification.
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Numerical Experiments

® (lassification w.r.t GraphSNNy, models by replacing GCN, GAT, GIN, and
GraphSAGE aggregation schemes by our aggregation scheme.

Method Cora Citeseer Pubmed NELL ogbn-arxiv
GCN 815+04 703+05 79.0+05 66.0+17 71.74+0.29
GraphSNNgen 83.1+18 723 +15 798 +1.2 683+ 1.6 72.20 + 0.90
GAT 83.0+06 726406 785+03 - -
GraphSNNgaT 83.8+12 735+16 79.6 +1.4 - -

GIN 776+11 661+15 77.0+12 615+23 -
GraphSNNg/y 79.2 +1.7 683 +15 788+ 1.3 638+ 2.7 -
GraphSAGE 792 +37 716+19 774+22 637+£52 7149 +0.27

GraphSNNgraphsace  80.5 £ 25 727 +3.2 79.0 + 3.5 66.3 +5.6 71.80 + 0.70

Table: Classification accuracy on semi-supervised node classification.
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Graph Representation Learning

Diffusion GNNs

Spectral GNNs *

Spatial GNNs

2A. Wijesinghe and Q. Wang. DFNets: Spectral CNNs for Graphs with Feedback-Looped Filters.

(NeurlPS 2019)
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Research Question

® How to design spectral graph filters and tackle the problem of designing an effective,
yet efficient GNNs with spectral graph filters?

Graph Fourier Inverse Graph

Transform Fourier Transform

Input New Node
Representation

Graph
UH h(A) >®_> E V)
N\ h(NX
@ S

X = UHx

Vertex Domain Vertex Domain
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Current State

Low-pass High-pass ® Rational polynomial filters
10] Vg ) / e.g., Cayley
% 7// [Ron et al. 2017]
Frequency () Frequency (2.)

® Polynomial filters

Band-pass Band-stop e.g., Lanczos
[Renjie et al. 2019]

h(z) /s h(3) 7 7
// /4 //// ® Basis-dependent filters

Frequency (3) Frequency (3.)
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Contributions

A new class of spectral graph filters

1

2 Learnable optimal coefficients

3 A new spectral convolutional layer
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A New Class of Spectral Graph Filters

® Feedback-looped filters belong to a class of ARMA filters.

hyo(L)x = <I+i¢ij>l<i¢ij>X (1)
j=1 j=0

® Feedback-looped filters use the following approximation.

p q
20 = x and £ = = "y U 13" ¢, (2)
j=1 j=0
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Learnable Optimal Coefficients

® The frequency response of feedback-looped filters is defined as:

b — e

v v ®
1+ 30 N,

® The stable coefficients 1) and ¢ can be learned by a convex constrained least-squares
optimization problem:

minimize,, s || + diag(h)ay — Bo||» (4)
subject to ||at)||ec < v and y<1
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A New Spectral Convolutional Layer

® Propagation rule of a spectral convolutional layer is defined as: 2

Feedback Feedforward
Filter Filter

| |
Xt0)= (P X1 6,0 +Q) X 0,10 +{u(6,0; 6,8) + b)

J

e

|

(t+1)th Layer Prior Layer
Embeddings Embeddings

2code: https://github.com /wokas36/DFNets
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A New Spectral Convolutional Layer

(a) Input (b) Feedforward (c) Feedback
(g=1) (p=2)
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Numerical Experiments

Model Cora Citeseer Pubmed NELL
SemiEmb 59.0 59.6 71.1 26.7

LP 68.0 453 63.0 26.5
DeepWalk 67.2 432 65.3 58.1
ICA 75.1 69.1 73.9 23.1
Planetoid* 64.7 75.7 7.2 61.9
Chebyshev 81.2 69.8 74.4 -
GCN 81.5 70.3 79.0 66.0
LNet 79.5 66.2 78.3 -
AdaLNet 80.4 68.7 78.1 -
CayleyNet 81.9* - - -
ARMA; 84.7 73.8 81.4 -
GAT 83.0 72.5 79.0 -
GCN + DenseBlock 827+ 05 713+03 8l15+05 664+03
GAT + Dense Block 838 +03 73.1+03 81.8+0.3 -
DFNet (ours) 85.2 + 05 742+03 843+04 68.3+04
DFNet-ATT (ours) 86.0 - 0.4 74.7 +0.4 852 +0.3 68.8+0.3
DF-ATT (ours) 834+05 731+04 823+03 67.6+0.3

Table: Classification accuracy on semi-supervised node classification.
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Graph Representation Learning

N
Spatial GNNs Spectral GNNs Diffusion GNNs>

3A. Wijesinghe and Q. Wang. Dynamic PageRank for Graph Neural Networks. (Under Review)
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Research Question

® How to build powerful GNNs by graph diffusion to capture rich and varying graph
structures, i.e, homophily and heterophily?

(2) Homophilic Graph (b) Heterophilic Graph

@ Majority
. Minority
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Current State

® Non-homogeneous anisotropic diffusion

: . ""”'-’..:-'-'._ N e.g., DGN
Fees. N Aassel [Dominique et al. 2021]
;"': = . . ':: ® Non-homogeneous isotropic diffusion

L % N e.g., GRAND
AT A NN [Chamberlain et al. 2021]
Wi “ AN ',-":;fl,'_-, 3 ® Homogeneous isotropic diffusion
‘e R e.g., GDC, APPNP, GPRGNN
[Klicpera et al. 2019, Chien et al. 2021]
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Contributions

Learnable PageRank transition

1

2 Dynamic PageRank with FE/ IF solutions

3 A new GNN with deeper single layers
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Learnable PageRank Transition

® |imitations of standard PageRank:
® Restricting landing probabilities to 1-hop neighbors.

® |anding probabilities in P are pre-determined and fixed.

® \We reformulate P with a learnable weighted linear combination of transition
probabilities of different lengths.

k
P=fL)=>) ¢l (5)
i=1
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Dynamic PageRank with FE Solution

e Standard PageRank can be represented as an iterative scheme;
y(t+1)=(1—-a)x+ aPy(t) (6)

¢ PageRank with time-dependent teleportation vector x(t);

‘f’ya(:) — (1= a)x(t) — (1 — aP)y(t) (7)

e Connection with the message-passing GNNs.
v — ((1 —a)l+ aP)Y(t_l) (8)
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Dynamic PageRank with IF Solution

® Dynamic PageRank generalizes both personalized PageRank and heat kernel;

Y(£) = Yopr + exp{ = t(1 = aP) }(4(0) = yior) (9)

® Connection with the message-passing GNNss;
Y — Y por + exp{—t(l — ap)}(Y(O) — Yopr) (10)
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A New GNN with Deeper Single Layers

® A new GNN with deeper single layer is defined as;
q

Z(H—l) — U(Z (ZE’)WI(’) + bg’))) (11)

i=1

When t — oo, dynamic PageRank diffusion schemes in Zgr are guaranteed to converge.

The scheme of the forward Euler solution is equivalent to the spectral convolution layer.
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A New GNN with Deeper Single Layers

Input Learnable Dynamic Layer-wise
Graph Transition PageRank Propagation

B
E:f: t=1 %::; t=2
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Numerical Experiments

Model Cora Pubmed Photo Computers
GCN 86.87 + 0.26 86.97 + 0.12 90.54 + 0.21 82.52 + 0.32
GAT 87.52 + 0.24  86.64 £ 0.11 90.09 + 0.27  81.95 + 0.38
APPNP 88.10 + 0.23 89.15 + 0.13 91.11 + 0.26  81.99 + 0.26
JKNet 86.97 + 0.27 87.38 + 0.13 87.70 + 0.70  77.80 + 0.97
Geom-GCN 85.40 + 0.26 88.51 + 0.08 - -
U-GCN 84.00 74.08 85.22 -
H2GCN 86.92 + 1.37 89.40 + 0.34 - -
ASGAT-Cheb 87.50 + 0.50 89.90 + 0.90 - -
ASGAT-ARMA 87.40 + 1.10 88.30 + 1.00 - -
NLMLP 76.90 + 1.80 88.20 + 0.50 - -
NLGCN 88.10 + 1.00 89.00 + 0.50 - -
GPRGNN 88.65 + 0.28 89.18 + 0.15 91.93 + 0.26  82.90 + 0.37
MLP-+GCN 87.01 + 1.35 89.77 + 0.39 - -
PDE-GCN 88.60 89.93 - -
DPRN-IF (ours) 90.18 + 0.36 90.80 + 1.96 93.40 + 0.41 86.11 + 0.21
DPRN-FE (ours) 90.24 + 0.42 89.97 +1.53 93.82 +0.23 85.76 + 0.17

Table: Fully-supervised node classification on homophilic datasets.
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Numerical Experiments

Model Actor Wisconsin Cornell Texas Chameleon
GCN 30.59 + 0.23 - 66.72 +£ 1.37 75.16 + 0.96 60.96 + 0.78
GAT 35.98 + 0.23 - 76.00 £ 1.01 78.87 £0.86  63.9 & 0.46
APPNP 38.86 + 0.24 - 91.80 + 0.63 91.18 £ 0.70 51.91 + 0.56
JKNet 33.41 + 0.25 - 66.73 + 1.73 7553 £ 1.16 62.92 + 0.49
Geom-GCN 31.81 4+ 0.24 - 55.50 + 1.59 5856 + 1.77  61.06 + 0.49
U-GCN - 69.89 69.77 71.72 54.07
H2GCN 35.86 + 1.03 86.67 + 4.69 82.16 + 4.80 84.86 + 6.77 57.11 & 1.58
ASGAT-Cheb - 86.30 +3.70 8270 +8.30 85.10 +5.70 66.50 + 2.80
ASGAT-ARMA - 84.70 + 440 8320 £550 79.50 +£7.70  65.80 £ 2.20
NLMLP 3790 £ 1.30 87.30 +4.30 84.90 +5.70 8540 +3.80 50.70 + 2.20
GPRGNN 39.30 + 0.27 - 91.36 = 0.70 92,92 £ 0.61 67.48 + 0.40
MLP+GCN 36.24 +1.09 86.43 +£4.00 84.82+4.87 83.60+6.04 68.04+ 1.86
PDE-GCN - 91.76 89.73 93.24 66.01
DPRN-IF (ours) 41.82 +0.78 88.37 +2.09 92.78 + 1.67 94.59 + 0.85 68.56 - 1.92
DPRN-FE (ours) 40.03 + 0.54 93.25 +1.14 93.93 + 1.04 94.75 + 0.65 65.00 + 2.31

Table: Fully-supervised

node classification on heterophilic datasets.
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Graph Similarity Learning

Graph Kernels:

How to compare two graphs in a vector space?

f( @) c 0,1]
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Graph Similarity Learning

Non-OT Graph Kernels OT Graph Kernels
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Current State

Input

=

=

||||O|-..

Oforn,
Xy A @ Yy

Embedding

® OT graph kernels

e.g., WWL, FGW
[Matteo et al. 2019, Titouan et al.
2019]

® Non-OT graph kernels

e.g., WL subtree kernel, Graphlet kernel
[Nino et al. 2011]
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Graph Similarity Learning

I
Non-OT Graph Kernels OT Graph Kernels*

*A. Wijesinghe, Q. Wang and S. Gould. A Regularized Wasserstein Framework for Graph Kernels.

(ICDM 2021)
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Research Question

® How to develop an optimal transport based kernel that can preserve intricate
structures on graphs with theoretically guaranteed convergence?
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Optimal Transport Theory

[ Source y
I Target v v

distributions transport plany  transport cost C

e Optimal transport between two discrete distributions,

§ = argmin (y,C), = argmin > " ~(i,j)C(i, ])
'767'((/1'71/) ’YETF(M,V) ij

® Set of probabilistic couplings between metric spaces,

m(p,v) = {7 ERTX™ |41, = p,y 1, = V}

C(i,j) = d(xi.y))
- * e — gy
i A *
‘ e®°% ¢ °
U Ueee oV
{0, i) 2y {0 w32y

(12)
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Regularized Optimal Transport

® Regularized optimal transport between two probability distributions,

4 = argmin <'y, C>,__ + AO(7)
yET(1,v)

® Why regularize optimal transport?

- Smooth the distance estimation.

- Encode prior knowledge on the data.

- Robust and guarantee the convergence.

- Numerical stability in optimization.

- Fast algorithms to solve the OT problem.
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Contributions

1 A new OT distance metric on graphs

2 A fast and numerically stable algorithm

3 A regularized Wasserstein Kernel
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Overview

Feature Embedding ff / Regularized Wasserstein Feature Embedding ff

Framework

Featue Local Variation
Wasserstein
Local Barycentric
Wasserstein
Global Connectivity Gy
Structure Embedding & Wasserstein ) Structure Embedding &
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Feature Local Variation

® Feature local variation is used to quantify how graph signals change from a vertex to
its neighboring vertices.

1-hop

J
A(X):‘X— L'X ’

Amax(L)

source node o=t
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Local Barycentric Wasserstein Distance

u v
.Tt. Local Barycentric »
A | Wasserstein LW(1.v) ® *i [
hd "
o > ® 8
o7 e e, i%g o
Jl“ ® TAt—o

LW (p,v) = veT(i,Tu)ﬁ’ CY) p 4+ Autr(E] v "L E) + Atr(EJ Ly TEy) + _||'Y||F
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Global Connectivity Wasserstein Distance

Global Connectivity
Wasserstein GW(.v)
> »

G] Gz

GW (p,v) = weT(iEy)h’ Lo(Cf, €LY @ 7)p — AgKL(YIIY)
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A New OT Distance Metric on Graphs

® Regularized Wasserstein discrepancy preserves both features and structure of graphs;

RW(/% V) :“/GTI,LT <’77 CV> + ﬁlLW(M7 I/) + B2 GW(N’? V) (13)

® Transform the above optimization problem into a following form of objective 4;

min H(y) = min f(v)+g(v)—h(7) (14)

yem(p,v) yem(p,v)

“code: https://github.com/wokas36/RWK
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https://github.com/wokas36/RWK

A Fast and Numerically Stable Algorithm

Algorithm 1: Training for RW Discrepancy

1 initialize i=0, 7% <— uv7, and c® < H(7?)

2 while i <t do

3 i+ i+1

VH(v) + Gradient of H(y) w.r.t 4(~1)
4U=1) « Sinkhorn-knopp (11, v, VH(%), A, b)
Ay A1) _4(i=1)

o ) Line-search (v(=1, Ay, VH(y), cli-1)
A A=) 4 DAy

o | §U-D <A% —VH(fy)>F

10 if 60—1) < ¢ then

1 | stop

12 end

13 end

0 N o O &
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A Regularized Wasserstein Kernel

Regularized Wasserstein Kernel

Given a set of graphs G, RWK has a kernel matrix K € RI9/%19 defined as
K}Ll/ — e_nRW(l"’7V),

where 77 > 0 is a parameter, p and v correspond to any two graphs in G, and RW (u, v) is
the RW discrepancy between p and v.
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Numerical Experiments

Method MUTAG  PTC-MR NCIL D&D NCI109  COLLAB
WL 90457 500L43 860L18 79403 B50L15 780L10
WL-OA 845+17 636+15 861+02 792+04 86.3+02 80.7+0.1
Non-OT graph ook 903+ 11 625416 845+0.2 - - 81.0 + 0.3
kernels GNTK 90.0+£85 679469 842+15 756+39 ; 83.6 + 1.0
P-WL 005+13 640+08 854+01 786+03 849+03 ]
o7 -based WL-PM 87708 G614:08 864L02 78602 853L02 Bl5X05
oranh bernels VWL 872+ 15 663+12 857+02 79.6=05 ] ]
FGW 88456 653+70 86416 } ; ;
PATCHYSAN 026 £ 42 600 L 48 786L10 771L24 : 26122
GNN-based DGCNN 858+ 00 58600 744+00 766=00 75000 73700
methods CapsGNN 86.6+15 660+18 783+13 753+23 8L1+31 796429
GIN 80.4+56 646+70 82.7+17 753+35 865+15 802419
RWK 93637 695+61 880L45 81635 87.3:61 83846
Our work RWK-1 925+31 689+51 87.7+61 8L0-43 869+52 832+31
RWK-0 007+42 678+36 87.0+51 79.6+31 864+46 B8L5+39

Table: Classification accuracy on graphs with discrete attributes.
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Numerical Experiments

Method COX2  ENZYMES PROTEINS BZR COX2-MD  BZR-MD
GHK 764+ 13 656+08 747102 764+09 662+10 69.1+20
Non-OT graph PK 776+06 716+05 613+08 795+04 - -
kernels HGK-WL 781+04 63.0+£06 759+01 785+£06 746=+17 68.9=06
HGK-SP  725+11 663+03 757+01 764+07 685+10 66.1=1.0
OT-based WWL 782+04 732+08 779+08 844+20 763+10 69.7+09
graph kernels FGW 772+ 48 710+67 745+27 851+41 - -
RWK 81.2+53 783+41 793+6.1 86.2+56 78.1+43 71.9+46
Our work RWK-1  80.7+46 77.5+53 789+45 858+55 774+37 713+43
RWK-0  79.6+3.1 764+45 782+56 852+43 767+55 705+37
Table: Classification accuracy on graphs with continuous attributes.
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Conclusion

In summary, we have proposed three GNN approaches and a Graph Kernel approach for
graph learning.

® GraphSNN: Graph Structured Neural Network.
® DFNets: Distributed Feedback-Looped Network.
¢ DPRN: Dynamic PageRank Network.

¢ RWK: Regularized Wasserstein Kernel.
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